Using the f σ8(z) redshift space distortion (RSD) data, the σ 0 8 − Ω 0 m tension is studied utilizing a parameterization of growth rate f (z) = Ωm(z) γ . Here, f (z) is derived from the expansion history H(z) which is reconstructed from the observational Hubble data applying the Gaussian Process method. It is found that different priors of H0 have a great influence on the evolution curve of H(z) and the constraint of σ 0 8 − Ω 0 m . When using a larger H0 prior, the low redshifts H(z) deviate significantly from that of the ΛCDM model, which indicates that a dark energy model different from the cosmological constant can help to relax the H0 tension problem. The tension between our best-fit values of σ 0 8 − Ω 0 m and that of the Planck 2018 ΛCDM (PLA) will disappear (less than 1σ) when taking a prior for H0 obtained from PLA. Moreover, the tension exceeds 2σ level when applying the prior H0 = 73.52 ± 1.62 resulted from the Hubble Space Telescope photometry. PACS numbers: 95.36.+x, 98.80.Es, 95.35.+d 
I. INTRODUCTION
The past and present analyses of various cosmological observations converge to the fact that our universe is undergoing an accelerated expansion phase [1] [2] [3] [4] [5] [6] [7] . To explain this phenomenon, two kinds of interpretations have been raised. One is proposing an unknown component with negative pressure called dark energy in the context of General Relativity (GR), and the other is modifying the laws of gravity (MG). Based on these two branches, numerous models have been presented. Among these models, Lambda Cold Dark Matter (ΛCDM) model is the most simple one and can excellently fit with almost all observational data, such as the cosmic microwave background (CMB) radiations [4, 6, 7] , the baryon acoustic oscillations (BAO) [8] [9] [10] , and the type Ia Supernovae (SNIa) [11] [12] [13] [14] , etc.
Nonetheless, it is becoming exceedingly apparent that there are some discrepancies between the Planck ΛCDM results and some independent observations in intermediate cosmological scale [15] . These discrepancies include the estimates of the Hubble constant H 0 [16] [17] [18] [19] [20] , the matter density parameter Ω 0 m and the amplitude of the power spectrum on the scale of 8h −1 Mpc (σ 0 8 ) [21] [22] [23] [24] [25] , etc. In order to solve these discrepancies, different methods and cosmology models have been reported, including viscous bulk cosmology [26] , assuming a variable Newton constant [27, 28] , considering the interaction between neutrinos and dark matter [29] , introducing interacting dark energy [30, 31] , model-independent method [32] [33] [34] , and so on.
Precise large-scale structure measurements are helpful to distinguish different models because these models may * ekli 091@mail.dlut.edu.cn † angelbeats@mail.dlut.edu.cn ‡ scott@mail.dlut.edu.cn § zhanghc@mail.dlut.edu.cn ¶ Corresponding author: lxxu@dlut.edu.cn have different growth histories of structure. As a starting point, in the subhorizon (k aH), the equation that describes the evolution of the linear matter growth factor δ = δρ m /ρ m in the context of GR and most MG models has the form [28] δ +
1) where ρ m is the background matter density, H =ȧ/a is the Hubble expansion rate at scale factor a = 1/(1 + z), G N is the Newton's constant, G eff is the effective Newton's constant which in general may depend on both the redshift z and the cosmological scale k, and " " denotes a derivative with respect to z. In GR we have G eff = G N while in MG G eff /G N may vary with both cosmological redshift and scale.
Although it is difficult to give the analytical solution of Eq. (1.1), a good parameterization of the growth rate f (a) ≡ d ln δ/d ln a is given by [35] [36] [37] [38] [39] [40] f (a) Ω m (a) γ , (1.2) where Ω m (a) = Ω 0 m a −3 /(H(a)/H 0 ) 2 is the fractional matter density, and γ is the growth index. The growth index differs between different cosmological models [39, 41] . In the ΛCDM model, γ = 6/11 is a solution to Eq. (1.1) where the terms O(1 − Ω m (a)) 2 are neglected [35] , while γ 0.55 is that of dark energy models with slowly varying equation of state [36] . For MG models, different values are predicted, e.g., γ 0.68 for Dvali-Gabadadze-Porrati (DGP) braneworld model [42, 43] . Applying some model-independent methods, authors in Refs. [44] [45] [46] found that the value of γ is consistent with that of the flat-ΛCDM model, and Yin & Wei [47, 48] also investigated the time varying γ(z). Since most of the information on linear clustering is expected to come from the epoch of equality of matter and dark energy, it is reasonable to use this parameterization to approximate f (z) [49] .
In particular, most of the growth rate measurements can be obtained from redshift space distortion (RSD) measurements via the peculiar velocities of galaxies [50] . However, f (z) is sensitive to the bias parameter b, which makes the observation of f (z) data unreliable [27] . Therefore, most growth rate measurements are reported as the combination f (z)σ 8 (z) = f σ 8 (z) instead of f (z), where σ 8 (z) = σ 0 8 δ(z)/δ 0 is the matter power spectrum normalization on scales of 8h −1 Mpc. In addition, the joint measurement of expansion history and growth history provides an important test of GR and can help to break the degeneracies between MG theories and dark energy models in GR [36, 51] . In this paper, using the RSD data and the observational Hubble data (OHD), we will investigate the σ 0 8 −Ω 0 m tension utilizing the Gaussian Process method. We reconstruct the expansion history H(z) firstly using the OHD data with priors for Hubble constant H 0 , and then derive the theoretical value of f σ 8 (z) applying the parameterization f (z) = Ω m (z) γ . Finally, by adopting the Markov Chain Monte Carlo (MCMC) method, the constraints on the free parameters in f σ 8 (z) are given using the RSD data corrected by the fiducial model corrections.
The layout of this work is as follows. In section II, we introduce the basic methodology adopted to derive f σ 8 (z) and the observational data combinations used to constrain free parameters. And then, in section III, we show the reconstruction of Hubble parameter H(z) and f σ 8 (z) under different combinations of OHD. Our results and discussions are displayed in section IV. At last, we summarize our conclusions in section V.
II. METHODOLOGY AND OBSERVATIONAL DATA

A. Methodology
As we known that most growth rate measurements are reported as the combination f σ 8 (z). Using the definitions of f (z), σ 8 (z) and Eq. (1.2), one can obtain
Thus, given an expansion history function H(z) or H(z)/H 0 , we can reconstruct the observable quantity f σ 8 (z), assuming σ 0 8 , Ω 0 m and γ are known. The Gaussian Process method [52] [53] [54] can provide a smooth reconstructed H(z) using the combination of OHD without assuming a parametrisation of the function. So we can get a full model-independent reconstructed f σ 8 (z) with three free parameters {σ 0 8 , Ω 0 m , γ} using Eq. (2.1). Now, we can use a χ 2 minimization to constrain the three free parameters,
where Cov obs is the covariance matrix of f σ 8,obs and Cov rec is the covariance matrix of the reconstructed f σ 8,rec (z) which is defined in Eq. (2.1). The likelihood of the free parameters can be obtained from L ∝ exp[−χ 2 /2]. The constraints on the free parameters are performed using the Markov Chain Monte Carlo (MCMC) sampling method. It's easy to do this by using the publicly available code Cobaya 1 , which calls the MCMC sampler developed for CosmoMC [55, 56] . Furthermore, in order to quantify the tension between different estimate of parameter ξ, we need to introduce a quantization function of the tension level. Assuming the 68% confidence level ranges of parameter ξ is ξ ∈
Then, the simplest and most intuitive way to measure the degree of tension can be written as [57] s ≡ ξ 1 − ξ 2 Table II shows a sample consisting of 63 observational f σ 8,obs (z) RSD data points collected by Kazantzidis, et al. [28] . It comprises the data published by various surveys from 2006 to the present and the parameters of the corresponding fiducial cosmology model are also shown in this table. For more details please refer to Ref. [28] and references therein.
The covariance matrix of the 63 f σ 8 data points are assumed to be diagonal except for the WiggleZ subset of the data (three data points). The covariance matrix of the three points of WiggleZ has been published as (2.6)
One should note that all the f σ 8,obs (z) data listed in Table II are obtained assuming a fiducial ΛCDM cosmology [28] . Thus, the Alcock-Paczynski (AP) effect [58] should be considered. In the present paper, we will use the following rough approxmation of the AP effect [28, 59] f σ 8,ap 
where D A (z) is the angular diameter distance, and it can be written as
, (2.8) in the spatially flat universe.
C. Observational Hubble data
The Hubble parameter H(z) is usually evaluated as a function of the redshift z
It can be seen that H(z) depends on the derivative of redshift with respect to cosmic time. The H(z) measurements can be obtained via two approaches. One is calculating the differential ages of passively evolving galaxies [60] providing H(z) measurements that are modelindependent. This method is usually called the cosmic chronometers (CC). The other method is based on the clustering of galaxies or quasars, which is firstly proposed by [61] , where the BAO peak position is used as a standard ruler in the radial direction.
Here, we use the compilation of OHD data points collected by Magana, et al. [62] and Geng, et al. [63] , including almost all H(z) data reported in various surveys so far. The 31 CC H(z) data points are listed in Table III and the 23 H(z) data points obtained from clustering measurements are listed in Table IV . One may find that some of the H(z) data points from clustering measurements are correlated since they either belong to the same analysis or there is overlap between the galaxy samples. Here in this paper, we mainly take the central value and standard deviation of the OHD data into consideration. Thus, just as in Ref. [63] , we assume that they are independent measurements.
In addition, there is no observation for H 0 in these OHD data points mentioned above, so we also consider two different priors of H 0 . One is H 0 = 67.27 ± 0.60 km/s/Mpc [7] provided by Planck 2018 power spectra (TT,TE,EE+lowE) measurements by assuming base ΛCDM model (hereafter P 18). The other is H 0 = 73.52± 1.62 km/s/Mpc presented by the Hubble Space Telescope photometry of long-period Milky Way Cepheids and GAIA parallaxes [20] (hereafter R18).
III. MODEL-INDEPENDENT RECONSTRUCTION
GP method provides a technique to reconstruct a function using the observational data without assuming a spe-cific parameterization. It is easy to reconstruct the Hubble parameters directly from the OHD data applying a freely available GaPP package 2 . The numerical program written by ourselves is used in this paper, and there is no difference between our code and that of GaPP, which also indicates our program is credible.
GP are characterized by mean and covariance functions, which are defined by a small number of hyperparameters. Throughout this work, we assume a priori mean function equal to zero, and use the squared exponential covariance function:
where σ f and l are two hyperparameters which can be determined by the observational data. Supposing an ob-
is the corresponding actual observed value which is assumed to be scattered around the underlying function f (x i ) and Gaussian noise with variance σ i is assumed. Using the GP method, the reconstructed mean value and covariance of the underlying function f (x) can be written as [53] f
where M ij = k(x i , x j ) + C ij and C ij is the covariance matrix of the observational data.
A. Reconstruction of Hubble parameter
By using Eqs. (3.2) and (3.3), one can easily get the reconstructed Hubble parameters H(z) and its covariance matrix between different redshifts. The propagated covariance [41, [64] [65] [66] of the reconstructed E(z) can be calculated with the reconstructed H(z), and its covariance matrix is
Next, we will examine the differences between the reconstructed H(z) under various OHD data combinations. In Figs. 1 and 2, we have ploted the reconstructed H(z) and E(z) within 2σ region using different data combinations, and the reconstructed H 0 is also shown in the Fig. 5 . Here the indexes CC, BAO and ALL represent the OHD data obtained from CC, clustering measurements, and CC+clustering measurements, respectively. We also consider three different priors of H 0 , i.e., no prior (index None), H 0 of R18 and H 0 of P18. The three panels of the first column in Figs. 1 and 2 are the reconstructed results from the three data combinations with no prior on H 0 . From the legend labels in Fig. 1 and the error bar plots in Fig. 5 one may find that OHD from BAO prefers a much smaller H 0 than P18 or R18, and the mean value of the derived H 0 from the CC data is much close to that of P18. However, we should note that the tension level of the three reconstructed H 0 with P18 or R18 are all less than 2σ as a result of the big error bars.
Comparing the three panels in the same rows of Figs. 1 and 2, one can find that adding a prior on H 0 can significantly reduce the error bars of the reconstructed H(z) at low redshifts, because the H 0 measurements of R18 and P18 have much smaller variances than the rest OHD data points. It also can be found that the slope of the reconstructed H(z) varies when choosing different priors of H 0 , especially at low redshifts z < 0.5. For the cases of using the same OHD data points but with different H 0 priors, we find that the evolution curves of H(z) under the P18 prior are similar to that without H 0 prior, this is due to the fact that they have similar mean values of H 0 . Meanwhile, from Figs. 1 and 2, we can see that CC data gives a much looser reconstruction of H(z) at higher redshifts than BAO data, which is because the BAO data points have much smaller variances at high redshifts.
B. f σ8(z) data after fiducial model correction
In this work, we will use the reconstructed modelindependent H(z) and D A (z) for fiducial model correction. Thus, the central value of f σ 8,ap (z) and its covariance matrix can be calculated according to Eq. (2.7). The covariance matrix will be
where Cov * and Cov HD are the covariance of observational RSD data and the reconstructed H(z)D A (z), respectively,
. The original f σ 8,obs (z) data and the fiducial model correction data f σ 8,ap (z) are ploted in Fig. 3 . As shown in Fig. 3 this correction has little effect on the mean values of f σ 8 (z). After some calculations, we find that the largest corrections on the mean values and the variances are less than 11% and 18%, respectively. The correlations between different data points also need to be taken into account when constraining on the free parameters.
C. Reconstruction of f σ8(z)
Using the reconstructed H(z) or E(z), the reconstructed f σ 8 (z) can be obtained through Eq. (2.1). The mean value of f σ 8 (z) can be calculated using Eq. (2.1) with the reconstructed mean value of H(z). The mean value and the propagated covariance [41, [64] [65] [66] of the reconstructed f σ 8 (z) can be written as
where f σ 8,i = f σ 8 (z i ),
(3.10)
In Fig. 4 , we plot the variation of f σ 8 (z) reconstructed under different data combinations with respect to redshift z. As shown in this figure, the uncertainties of the reconstructed f σ 8 (z) from BAO or CC+BAO data combination are much smaller than the observational uncertainties, which is due to the smaller variances of H(z) from BAO data can significantly reduce the reconstructed errors of f σ 8 (z) at high redshifts. Meanwhile, one can also find that the reconstructed f σ 8 (z) with P18 prior or without prior on H 0 are consistent with that of the ΛCDM model within 2σ region. However, when adopting R18 prior, the trends of the reconstructed f σ 8 (z) change. This change is consistent with the reconstruction of H(z) described in section III A.
IV. RESULTS AND DISCUSSION
In this section, we describe the main results acquired from the model-independent method considered in this work. As a comparison, we also give constrain on the ΛCDM model under the OHD and the RSD data points. The summary of the observational constraints on the free parameters using different data combinations is displayed in Table I . The results show that in the ΛCDM model, the different OHD data combinations and different priors of H 0 have little influence on σ 0 8 and γ, but have significant impacts on Ω 0 m and H 0 . Unlike that in the ΛCDM model, the various data combinations and the priors of H 0 have great influence on the constraints of all the free parameters of the GP method.
In Fig. 5 , one can find that the ΛCDM model gives a much tighter constraint on H 0 than the GP method, which is due to H 0 in the GP method is reconstructed using only the OHD data. By comparing our results of the ΛCDM model with the PLA results, where σ 0 8 = 0.8120 ± 0.0073 and Ω 0 m = 0.3166 ± 0.0084 [7] , we find that σ 0 8 is consistent with the PLA results in 1σ region under different data combinations with or without prior on H 0 . Meanwhile, all the constraints of γ in ΛCDM model are consistent with the GR prediction γ = 0.55 in 1σ region.
From Table I , we should also note that in the ΛCDM model and the GP reconstruction method, the increasing of H 0 results in a decreasing of Ω 0 m , which increases the tension level between our constraint Ω 0 m and that of the PLA results. To better understand the relationship and Table I , the OHD data from BAO prefers larger σ 0 8 , Ω 0 m and γ than the CC data if we do not take any prior on H 0 . However, using all the OHD data points without prior on H 0 , the best-fit of our results are closer to that of PLA results than using only OHD data from CC or BAO. Comparing the results under the same data combination, it can be found that the three free parameters vary greatly under different priors of H 0 , especially the matter density parameter Ω 0 m , which suggests that H 0 has a great influence on constraining the three parameters. R18 prior. The dashed lines in the Ω 0 m − σ 0 8 contour plots represent the best-fit values of PLA results. Besides, though our constrainton the growth index γ varies greatly in different cases, the tension level between our constraint result and the GR prediction are almost less than 2σ.
V. SUMMARY
In this work, we consider the constraints on the matter fluctuation amplitude σ 0 8 , the matter density parameter Ω 0 m , and the growth index γ by using the latest OHD and RSD data combinations. To be model-independent, we use GP method to reconstruct the Hubble parameter H(z) from different OHD data combinations, and then obtain a theoretical f σ 8 (z) function. We then use the reconstructed f σ 8 (z) and the RSD data to sample the free parameters by means of the MCMC method. Here, to reduce the impact of the AP effect, we also correct the RSD data using the H(z) and D A (z) reconstructed by GP method.
From the curves of the reconstructed H(z) and E(z) shown in Figs. 1 and 2 respectively, one can find that the expansion history varies greatly from the ΛCDM model when taking R18 prior on H 0 , especially at the low red-shifts. This indicates that to solve or relax the H 0 tension problem, it is necessary to have a model with a different expansion history from the ΛCDM model or a dynamical dark energy model which is different from the cosmological constant at low redshifts.
As Fig. 4 shows, the reconstructed f σ 8 (z) fits well with the ΛCDM model when using the same cosmological parameters. Meanwhile, we also find that both the expansion history H(z) and the prior of H 0 have great influences on the reconstruction of the f σ 8 (z), which is also supported by the MCMC sampling results obtained in this paper.
Our results show that the tension level between our best-fit of Ω 0 m − σ 0 8 and that of the PLA results are no more than 2σ in the cases of no H 0 prior. And the tension will even disappear (because of less than 1σ) when adopting P18 H 0 prior. However, we should note that our constraints on Ω 0 m and σ 0 8 are much looser compared with the PLA results, which means that the small tension level may be caused by the larger uncertainties. Nonetheless, using all the OHD data points and the RSD data without H 0 prior, our constraint result of Ω 0 m and σ 0 8 are very close to the PLA values, and the tension level between the growth index γ and the GR prediction γ = 0.55 is at 1σ level. 
